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Abstract
We consider a two-fold problem for an inverse problem of pseudo-parabolic
equations with a nonlinear term. Suﬃcient conditions for a blow-up solution are
derived and a stability result is established.
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1 Introduction
Let us consider the following inverse problem for a pseudo-parabolic equation:
ut – aut –u +
n∑
i=
biuxi – |u|pu = f (t)g(x), x ∈, t > , ()
u(x, t) = , x ∈ ∂, t > , ()
u(x, ) = u(x), x ∈, ()∫

u(x, t)g(x)dx = , t > , ()
where ⊂ Rn is a bounded domain with a suﬃciently smooth boundary ∂, p and a are




ω(ω –ω)dx = , (A)






, x ∈,bi ∈ C(). (A)
The inverse problem consists of ﬁnding a pair of functions (u(x, t), f (t)) satisfying ()-()
when
u ∈H()∩ Lp+() and
∫

u(ω –ω)dx = . (A)
Additional information about the solution to the inverse problem is given in the form of
the integral overdetermination condition (). From the physical point of view, this condi-
tion may be interpreted as measurements of the temperature u(x, t) by a device averaging
over the domain  [].
© 2012 Yaman; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-
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This type of equations arises from a variety of mathematical models in engineering and
physical sciences; for example, inverse scattering problems in quantum physics, an inverse
problem of interest in geophysics [].
Existence and uniqueness of solutions to an inverse problem for parabolic and pseudo-
parabolic equations are studied in [–]. Stability of solutions is investigated by several
authors [, ]; but less is known about blow-up solutions. Eden and Kalantarov [] studied
the same problem without a strong damping term –ut . Meyvaci [] established a blow-
up result for the pseudo-parabolic equation ut –ut –u + uxup = |u|mu, where p ≥ 
is a given integer andm≥  is a number.
Here, we used the following notations:
‖u‖ = ‖u‖L(), (u, v) =
∫

uvdx, ‖u‖p = ‖u‖Lp()
are the arithmetic-geometric inequality and Young’s inequality for a,b >  respectively;
ab≤ εa
 + εb
, ab≤ βap +C(p,β)bq, ()
with /p + /q = , C(p,β) = q(βp)q/p and the Poincare-Friedrich inequality
λ‖u‖ ≤ ‖∇u‖, ()
where λ is the ﬁrst eigenvalue of the eigenvalue problem
–u = λu, x ∈; u = , x ∈ ∂.
Multiplying both sides of () by ω and integrating the resulting equation over  lead to
the following relation:










where conditions (), () and (A) are used. Substituting () into (), problem ()-() yields
a direct problem given by [].
2 Blow-up result
Firstly, let us note the following lemma known as ‘generalized concavity lemma’ or
‘Ladyzhenskaya-Kalantarov lemma’. It is an important tool to obtain the blow-up solutions
to parabolic- and hyperbolic-type equations.
Lemma Let α > ,C,C ≥  andC +C > . Suppose that a positive, twice diﬀerentiable
function F(t) satisﬁes the inequality
F(t)F ′′(t) – ( + α)
(
F ′(t)
) ≥ –CF(t)F ′(t) –CF(t), ∀t ≥ . ()
If
F() >  and F ′() + γα–F() > , ()
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then F(t) goes to inﬁnity as
t → t ≤ t = √C +C ln
γF() + αF ′()
γF() + αF ′()
. ()
Here, γ = –C +
√
C + αC and γ = –C –
√
C + αC.
Proof See []. 
Theorem  Assume that (A)-(A) are satisﬁed and suppose that the initial condition u
satisﬁes the following condition:
(p + )















where K >  and D = ‖ω‖ + B‖ω‖ + p+‖ω‖p+p+. Then the solution of the problem
()-() with the weight function g(x) = (ω – aω)(x) blows up in a ﬁnite time.












– ‖u‖p+p+ = f (t). ()
Also, multiplying () by ut and integrating over , we obtain















Now, let us consider the following function:
F(t) = ‖u‖ + a‖∇u‖ +D, ()
where D is a nonnegative parameter to be chosen later. It is clear that
F ′(t) = (u,ut) + a(∇u,∇ut). ()
Using the Cauchy-Schwarz inequality, we have
(
F ′(t)
) ≤ F(t)(‖ut‖ + a‖∇ut‖). ()
Substituting () into (), we obtain
‖ut‖ + a‖∇ut‖ = (p + )F




















– p + 
d
dt f (t). ()
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We take the derivative of () with respect to t
d












Rewrite () in view of ()
‖ut‖ + a‖∇ut‖ = (p + )F
′′(t) – p(p + )
d
dt ‖∇u‖














+ p + (ut ,ω)












After applying the arithmetic-geometric inequality to estimate the terms on the right-hand











∇u · ∇ut dx
























 + ap ‖∇ut‖
, ()










 + ap ‖∇ut‖
. ()





























It follows from () and () with ‖ω‖n ≤ K
K‖ut‖‖∇u‖ ≤ p(p + )‖ut‖
 + p + p K

‖∇u‖, ()
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where K = KK. Substituting the estimates ()-() and () into (), we write
p + 
(p + )






– + p–(p + )(B +K )
a(p + ) a‖∇u‖










Since coeﬃcients of the term a‖∇u‖ are greater than those of ‖u‖ on the right-hand
side of (), multiplying both sides of () by (p + ), we get
(p + )
(‖ut‖ + a‖∇ut‖)







))(‖u‖ + a‖∇u‖) +D, ()
where D = p‖ω‖ +
B







) ≤ F ′′(t) + βF(t) + (D – βD), ()
where β = pa +
(p+)
ap (B +K ).We chooseD = β–D in the last inequality andmultiply






) ≥ –β(F(t)). ()
So, inequality () is satisﬁed with α = p > , C = , C = β > . Thus, the desired result is
obtained by applying Lemma . 
3 Stability of problem
In this part, we consider the following inverse source problem:
ut –ut –u –
n∑
i=
biuxi + |u|pu = f (t)ω(x), x ∈, t > , ()
u(x, t) = , x ∈ ∂, t > , ()
u(x, ) = u(x), x ∈, ()∫

u(x, t)ω(x)dx = ϕ(t), ()
where  ⊂ Rn is a bounded domain with a suﬃciently smooth boundary ∂ and ω, u
and ϕ(t) are given functions, p > . Assume that ω satisﬁes the conditions
∫

ω dx = , ω ∈H()∩ Lp+() (A)
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and u satisﬁes
u ∈H()∩ Lp+() and
∫

u(x)ω(x)dx = ϕ(). (A)
Theorem  Suppose that the conditions (A) and (A) are satisﬁed and assume that ϕ
and ϕ′ are continuous functions deﬁned on [,∞) which tend to zero as t → ∞. Then
lim
t→∞
(‖∇u‖ + ‖u‖p+p+) = 




, where λ is constant in ().
Proof We multiply () by ω, integrate over  and use () to obtain










Inserting () into (), we obtain




































































∣∣(∇ω,∇ut)(ϕ′ + ϕ)∣∣≤ ‖∇ut‖ + ‖∇ω‖
(∣∣ϕ′∣∣ + |ϕ|), ()
∣∣(∇ω,∇u)(ϕ′ + ϕ)∣∣≤ ε‖∇u‖ + ε ‖∇ω‖












‖ω‖(∣∣ϕ′∣∣ + |ϕ|), ()
∣∣(ω, |u|pu)(ϕ′ + ϕ)∣∣≤ ε‖u‖p+p+ +C(ε,p)‖ω‖p+p+(∣∣ϕ′∣∣p+ + |ϕ|p+). ()
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‖∇u‖ + ( – ε)‖u‖p+p+ ≤D(t), ()
where
D(t) =









) + ∣∣ϕ′(t)ϕ(t)∣∣ +C(ε,p)‖ω‖p+p+(∣∣ϕ′∣∣p+ + |ϕ|p+).





































The last term on the left-hand side of () can be written

‖∇u‖
 + ‖u‖p+p+ ≥
λ
 ‖u‖









where K =min(λ, ). It follows from () and ()
d
dt η(t) +Kη(t)≤D(t). ()
Here, K = KK and η(t) = ‖u‖ + ‖∇u‖ + p+‖u‖p+p+. After solving ﬁrst-order diﬀeren-
tial inequality (), it follows that
‖∇u‖ + ‖u‖p+p+ →  as t → ∞. 
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